
Andrey G. Bronevich1 and Igor N. Rozenberg2

Incoherence Correction and Decision Making
Based on Generalized Credal Sets

1National Research University Higher School of
Economics

2JSC “Research, Development and Planning Institute
for Railway Information Technology, Automation and

Telecommunication”
Moscow, RUSSIA

ISIPTA & ECSQARU 2017 in Lugano

– p. 1/22



The outline of the paper
Recently the concept ofgeneralized credal sethas
been proposed for modeling conflict, imprecision and
contradiction in information.
We call informationcontradictoryif avoiding sure
losscondition is violated.
We show that anycontradictory lower previsioncan
be represented as a convex sum ofnon-contradictory
and fully contradictorylower previsions.
Then we findconnectionswith this representation
with generalized credal sets.
Based oncontradiction-imprecision transformation
viewed asincoherence correctionwe show how
generalized credal sets can be applied todecision
problems.

– p. 2/22



Credal Sets, Lower Previsions
• LetX be a finite set,2X be thepowersetof X and
Mpr be theset of all probability measureson2X .

• Any P ∈ Mpr can be represented as apoint
(P ({x1}), ..., P ({xn})) in R

n.
• A credal setP is a non-empty subset ofMpr,

which isconvex and closed.
• LetK be a set of allreal-valued functions
f : X → R.

• Any f ∈ K can be viewed as arandom variable
for a fixedP ∈ Mpr

• Theexpectationof f ∈ K is defined by
EP (f) =

∑

x∈X

f(x)P ({x}).
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LetK ′ be an arbitrary subset ofK, then any
functionalE : K ′ → R is called alower previsionif
each valueE(f), f ∈ K ′, is viewed as alower bound
of expectationof the random variablef . This lower
prevision is callednon-contradictory(or it avoids sure
loss) iff it defines the credal set

P(E) = {P ∈ Mpr|∀f ∈ K ′ : EP (f) > E(f)} (1)

Otherwise, when the setP(E) is empty, the lower
prevision is calledcontradictory(or incoherent).
Analogously, upper previsions are defined.
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Remark 1. Obviously,

min
x∈X

f(x) 6 EP (f) 6 max
x∈X

f(x)

for anyP ∈ Mpr andf ∈ K . Thus, without
decreasing generality we can assume thatvaluesE(f)
of any lower previsionE : K ′ → R should benot
largerthanmax

x∈X
f(x), i.e.E(f) 6 max

x∈X
f(x) for any

f ∈ K ′. Analogously, we will assume that
Ē(f) > min

x∈X
f(x) for any upper prevision

Ē : K ′ → R andf ∈ K ′. This assumption will be
used later without mentioning about it.
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Contradictory Lower Previsions
Definition 1. A lower previsionE : K ′ → R is called
fully contradictoryiff E can not be represented as a
convex sum

E(f) = aE(1)(f) + (1− a)E(2)(f)

of a non-contradictory lower previsionE(1), and a
(contradictory) lower previsionE(2) for some
a ∈ (0, 1].

Lemma 1. A lower previsionE : K ′ → R is fully
contradictory iff for anya ∈ (0, 1] the lower prevision

E ′(f) = 1
a

(

E(f)− (1− a)max
x∈X

f(x)

)

,

f ∈ K ′, is contradictory.
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Lemma 2. If the set of contradictory previsions onK ′

is not empty, then the lower prevision

Ê(f) = max
x∈X

f(x),

f ∈ K ′, is fully contradictory.

Remark 2. It is possible to chooseK ′ such that every
lower prevision is non-contradictory. In this caseÊ is
also a non-contradictory lower prevision. Because the
aim of the paper is to deal with contradictory
information, in the next we will assume thatK ′ is
chosen providing the lower prevision̂E to be fully
contradictory.

– p. 7/22



The amount of contradiction
By Lemmas 1-2 any lower previsionE : K ′ → R can
be represented as

E(f) = aE(1)(f) + (1− a)E(2)(f), (2)

whereE(1) is non-contradictory andE(2) is fully
contradictory. Ifa ∈ (0, 1], then by Lemma 1E(2) can
be chosen to be equal tôE.

Definition 2. The amount of contradiction inE is
defined by

Con(E) = 1− sup{a|a ∈ A},
whereA is the set of all possiblea satisfying (2).
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Generalized Credal Sets
Consider monotone measures, viewed as lower
probabilities, on2X of the type

P = a0η
d
〈X〉 +

n
∑

i=1

aiη〈{xi}〉,

where
n
∑

i=0

ai = 1, ai > 0, i = 0, ..., n, and

ηd〈X〉(A) =

{

1, A 6= ∅,

0, A = ∅.
η〈{xi}〉(A) =

{

1, x ∈ A,

0, x /∈ A.

Clearly,P = a0η
d
〈X〉 + (1− a0)P

′,

whereηd〈X〉 is a fully contradictory lower probability

andP ′ = 1
1−a0

n
∑

i=1

aiη〈{xi}〉 is a probability measure.
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We can extendP to the lower prevision on the set of
all functions inK by

EP (f) = a0max
x∈X

f(x) +
n
∑

i=1

aif(xi).

AgainEP can be represented as a convex sum of fully
contradictory lower prevision̂E and linear prevision
EP ′, i.e.

EP (f) = a0Ê(f) + (1− a0)EP ′(f) for all f ∈ K.
The set of all

P = a0η
d
〈X〉 + (1− a0)P

′,

whereP ′ ∈ Mpr, is denoted byMcpr.
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Lemma 3. LetP = a0η
d
〈X〉 +

n
∑

i=1

aiη〈{xi}〉 be inMcpr.

ThenCon(P ) = a0.

We will identify eachP ∈ Mcpr with a point
(a1, ..., an) in R

n.

Definition 3. A subsetP of Mcpr is called anupper
generalized credal set(UG-credal set) if

1. P1 ∈ P, P2 ∈ Mcpr, andP1(A) 6 P2(A) for all
A ∈ 2X impliesP2 ∈ P;

2. P is a convex closed set as a subset ofR
n.
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We will describe any lower previsionE : K ′ → R by
a UG-credal setP defined by

P = {P ∈ Mcpr|∀f ∈ K ′ : E(f) 6 EP (f)} . (3)

Remark 3. Obviously, the set defined by (3) is not
empty, because it always contains the measureηd〈X〉.

Proposition 1. LetE : K ′ → R be a lower prevision,
and letP be its corresponding UG-credal set defined
by (3). Then

Con(E) = inf {Con(P )|P ∈ P} . (4)
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Some details
LetX = {x1, x2, ..., xn}, then anyP ∈ Mcpr is
represented by

P = a0η〈X〉 + a1η〈{x1}〉 + ... + anη〈{xn}〉

P (A) =

{

a0 +
∑

xi∈A

ai, A 6= ∅,

0, A = ∅.

Let P1 = (a
(1)
1 , ..., a

(1)
n ) andP2 = (a

(2)
1 , ..., a

(2)
n ). Then

P1(A) > P2(A) for all A ∈ 2X iff a(1)i 6 a
(2)
i ,

i = 1, ..., n.
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Some details
LetX = {x1, x2}, then anyP ∈ Mcpr is a point
within the triangle
{(a1, a2)|a1 > 0, a2 > 0, a1 + a2 6 1} (see Fig.1).
The minimal UG-credal setP, containingP , is
P = {P ′ ∈ Mcpr|P

′ > P} (yellow rectangle on
Fig.1).
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Some details
The set of all minimal elements in an UG-credal set is
called theprofile. If information is described by usual
credal setP ⊆ Mpr, then we can describe this
information by UG-credal set, whose profile isP, as
shown on Fig. 2.
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Incoherence Correction
• Assume thatE : K ′ → R is a lower prevision and
Con(E) = b.

• If b = 1 thenE is fully contradictory andE does
not contain useful information and this case can
be characterized as full ignorance.

• Let b < 1, then our lower prevision can be
represented as

E(f) = (1− b)E(1)(f) + bÊ(f),

f ∈ K ′, and we should use information inE(1)

for choosing decisions.
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Assume that a non-contradictory lower previsionE(1)

defines the credal set

P
′ =

{

P ∈ Mpr|∀f ∈ K ′ : E(1)(f) 6 EP (f)
}

.

Then taking in account that̂E describes the case of
full contradiction, we can describeE by a credal set
P

′′ represented as a convex sum of two credal setsP
′

andMpr, whereMpr describes the case of full
ignorance:

P
′′ = {(1− b)P1 + bP2|P1 ∈ P

′, P2 ∈ Mpr} . (5)
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The following proposition shows how the above set
P

′′ can be found based on UG-credal sets.

Proposition 2. LetE : K ′ → R be a lower prevision,
Con(E) = b, and letP be its corresponding
UG-credal set. Then

P
′′ = {P ′ ∈ Mpr|∃P ∈ P : Con(P ) = b, P ′ 6 P} .

The above transformation of a contradictory lower
prevision to the non-contradictory information can be
considered asincoherence correctionin which full
contradictionis transformed tofull ignorance.
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Decision Making
After contradiction-imprecsion transformation we can
use known models of decision making considered in
imprecise probabilities.

Example 1.Given two pieces of evidence:

• “probability of sunny> 0.3”;
• “probability of rain> 0.8”.

Denotex1 := sunny, x2 := rain, X = {x1, x2}.

This information is described by UG-credal set
P = {P ∈ Mcpr|P ({x1}) > 0.3, P ({x1}) > 0.8} ,

whereP = a0η
d
〈X〉 + a1η〈{x1}〉 + a2η〈{x1}〉.
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Thus, the setP is described by the following
inequalities:







a1 + a0 > 0.3

a2 + a0 > 0.8

a1 + a2 + a0 = 1

⇔







a1 6 0.2

a2 6 0.7

a1 + a2 + a0 = 1

The only element inP with the minimal contradiction
is

P = 0.1ηd〈X〉 + 0.2η〈{x1}〉 + 0.7η〈{x2}〉.

The contradiction-imprecision transformation gives us
the credal set

P
′′ = {P ′ ∈ Mpr|P

′
6 P} .
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Then, clearly,

EP′′(f) = 0.2f(x1) + 0.7f(x2) + 0.1min
x∈X

f(x).

Assume, for example, that we have two decisions:
• g1 := go to the park (g1(x1) = 3, g1(x2) = −1);
• g2 := go to the theater (g2(x1) = 1,
g2(x2) = 1).

Then

EP′′(g2−g1) = 0.2·(−2)+0.7·2+0.1·(−2) = 0.8 > 0,

i.e. decisiong2 is more preferable than decisiong1.
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Thank you for attention!!!
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