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Introduction

@ Orthopair = pair of disjoint sets AN B =)
e Often a bipolar information interpretation: A = positive, B = negative
@ Appear in several contexts. Examples are:

o Representing partial knowledge
e Trust and distrust (in Social Network Analysis)
e Rough sets
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Introduction

Orthopair = pair of disjoint sets AN B = ()

Often a bipolar information interpretation: A = positive, B = negative
@ Appear in several contexts. Examples are:

o Representing partial knowledge
e Trust and distrust (in Social Network Analysis)
e Rough sets

Aim: define uncertainty measures (notice that AU B # U)

e in a single orthopair
e in a collection of orthopairs

Uncertainty = Lack of Knowledge? Fuzziness? Contradictions?

Take inspiration from: IFS, Fuzzy Sets, Rough Sets, Possibility Theory
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Outline

@ Orthopairs
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Definitions

e X =universe, (P, N) orthopair, PN N = ()
e Bnd = X\ (PU N) boundary
e O(X) collection of all orthopairs on X
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Definitions

e X =universe, (P, N) orthopair, PN N = ()
e Bnd = X\ (PU N) boundary
e O(X) collection of all orthopairs on X

e O(X) is in bijection with three-valued sets
fo: X+ {0,5,1}:

1 ifxeP
HL(X)=40 ifxeN
3 otherwise
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Order on V Order on O(X) Symbol | Type
0<i<i Py C Py, Ny C Ny < Total
1<1<0 | Ny € Ns, Bnd> C Bna, <N Total
g <0<A1 Py C P,, Bnd>, C Bnd, <p Total
1<1,1<0 Py C Py, Ny C N» < Partial
0<1,0<1 | Py C P, Bndy C Bnds <pg | Partial
1< 2 1<0 | Ny €N, Bnd; C Bnads <nB Partial

e <; truth ordering, <, knowledge ordering

@ other non-pointwise ordering exist [Granular Computing, 1, 2016]
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Aggregation operations

From the three total order we derive:
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Aggregation operations

From the three total order we derive:

@ Strong Kleene meet and join

(P1, Ny) Mt (P2, N2) :== (P10 P2, Ny U N»)
(P1, Ny) Ut (P2, No) :== (P1 U P2, Ny N N»)

@ Weak Kleene meet and join

(P1, N1) Mp (Pg, N2) = (P1 N P2, (N1 N N2) U [(N1 N Pg) U (N2 N Py )])
(P1, Ny) M (P2, No) := ((P1 N P2) U (P 0 No) U (P2 Np)], Ny 0 NR))

@ Sobocinski meet and join

(P1, Ni) Un (P2, No) := (P1\N2 U P2\Ny, Ny U N>)
(P1, Ny) Up (P2, No) := (P U Pa, Ny\ P2 U No\ Py)
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Aggregation operations

e Pessimistic combination operator (the meet from the knowledge
ordering <))

(P1, Ni) 11y (P2, N2) := (P11 P2, Ny N N2)
e Optimistic combination operator (when definable, the join from <))
(P1, Ny) Uy (P2, N2) := (P1 U P2, Nt UN>)
e Consensus
O1® 0 :=(Py \ NoU Po\ Ny, Ny \ PoU N>\ Py)

Reconcile two orthopairs by keeping as positive part only what is
not considered negative by the other and dually for the negative
part
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Generalization

@ Intuitionistic Fuzzy Sets (IFS)
IFSs are pairs of fuzzy sets fp, fy : X — [0, 1] such that for all x € X,
fo(x) + fn(x) < 1
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Generalization

@ Intuitionistic Fuzzy Sets (IFS)
IFSs are pairs of fuzzy sets fp, fy : X — [0, 1] such that for all x € X,
fo(x) + fn(x) < 1

@ (Boolean) Possibility Theory

e An Orthopair coincides with the particular class of
hyper-rectangular Boolean possibility distributions on the space
{0,137

e A generic Boolean possibility distribution r, corresponds to a set of
orthopairs
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Uncertainty in a Single Orthopair

Outline

© Uncertainty in a Single Orthopair
e From IFS
e From Fuzzy Sets

Campagner,Ciucci (UNIMIB) ] Ecsqaru 2017 9/23



Uncertainty in a Single Orthopair

A simple measure

A central role will be played by the counting measure

Eol(P.N) = 5

e Counting the uncertain objects in the boundary
o Also named roughness in rough set theory
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Uncertainty in a Single Orthopair
[ Jelelele]

Plan

© Uncertainty in a Single Orthopair
e From IFS
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Uncertainty in a Single Orthopair
(o] lelele]

IF'S Entropy measure

Different axiomatization exists
e To characterize fuzziness [Szmidt and Kacprzyk, 2001]
e To characterize lack of knowledge [Pal et al, 2013]
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Uncertainty in a Single Orthopair
(o] lelele]

IF'S Entropy measure

Different axiomatization exists
e To characterize fuzziness [Szmidt and Kacprzyk, 2001]
e To characterize lack of knowledge [Pal et al, 2013]

Results
@ On orthopairs the two axiomatization coincide
@ Ej is the only function (up to constants) to satisfy the axioms
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Uncertainty in a Single Orthopair
[e]e] Tele]

Entropy that reduces to Ep

Zhang, 2013: survey of entropy measures
® Egs(0) = 137 Y xex XBndo(X)

A1 min(xp, (X),XNg (X)) +XBnd,, (X)
® Esk(0) = 37 Xoxex X ey ()X () T Xy (%)

© Ez(0) =1~ 51 Xyex [XPo(X) = xno(X)| = Eo(O);

@ Evs(0) = —xfrz Loxex [XPo (X)INxRo (X) 4 xno () I (X) — (1 —
XBndo (X))IN(1 — XBndo (X)) — XBndo (X)IN2]

© Evi(0) = 137 Lxex {{8inlF (1 + xpo (%) = xno(X))] + sin[F (1 = xpo(X) +
XN (O] = 1} 5}

® Eyz(0) = 137 Lyex ({0085 (1 + xp, (%) = xno(X))] + cos[7 (1 —
XPo(X) + xNo ()] = 1} 75—}

® E(0) =1 — 31 Cyex[v/2(xpo(X) = 0.5)2 + 2(xno(X) — 0.5)2 — Xndy (X)]
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Uncertainty in a Single Orthopair
[e]e]e] o]

Entropy that reduces to 0

° EZJ( ) ‘X‘ Z m’n(XPO(X) O(X))

xeX max(xp, (X):xng (X))

® Ez1(0) =1 -/t Lex [(xpo(X) — 0.5)% + (xno(x) — 0.502]

® Ez(0) =1 -t X yex [Ixpo(x) — 0.5] + [xnp(x) — 0.5]]

o Ez3(0) =1 — & ¥, cx max(|xpo(X) — 0.5], [xno(X) — 0.5))

® Ez4(0) =1 — /51 Lxex max(|xeo(x) — 052, [xn(X) — 0.512)
o EZ(0) = iy Crex! = xPo(X)? = Xno(X)? = X800 (¥)?]

o E//2(0) = & 3 ex Inlxpo(X)'2 = Xno(X)'/2 = Xndo (%) /]
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Uncertainty in a Single Orthopair
[ee]e]e] ]

Other Measures in IFS

e Knowledge measure K [Guo, 2016]
On orthopairs: K£(O) =1 — Ep(O)
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Uncertainty in a Single Orthopair
[ee]e]e] ]

Other Measures in IFS

e Knowledge measure K [Guo, 2016]
On orthopairs: £(0) =1 — Ep(O)
e Non specificity H
On orthopairs

log |U]| ifP=10
log |Po U Bndp| otherwise

Hies(O) = {
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Uncertainty in a Single Orthopair

[ Jele}

Plan

© Uncertainty in a Single Orthopair

e From Fuzzy Sets
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Uncertainty in a Single Orthopair

(o] e}

Measures from Fuzzy Sets
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Uncertainty in a Single Orthopair

(o] e}

Measures from Fuzzy Sets

e Entropy [De Luca, Termini, 1972]
On orthopairs it coincides with Ep
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Uncertainty in a Single Orthopair

(o] e}

Measures from Fuzzy Sets

e Entropy [De Luca, Termini, 1972]
On orthopairs it coincides with Ep

e Non-specificity [Klir, 2004]
o Hkir(O) = %log|P U Bnd| + }log|P| (P # 0)
o Different from the IFS based on: Hies(O) = log |P U Bnd|
o Hkir(O) < Hirs(O)
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Uncertainty in a Single Orthopair

[e]e] J

Eo and Aggregation Operations

@ Order relations

e anti-tonic w.r.t. the orders <; (Knowledge Ordering), <y and <p
e isotonic w.r.t. the orders <pg, <ps
e non-monotonic w.r.t. the truth ordering <;
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Uncertainty in a Single Orthopair

[e]e] J

Eo and Aggregation Operations

@ Order relations

e anti-tonic w.r.t. the orders <; (Knowledge Ordering), <y and <p
e isotonic w.r.t. the orders <pg, <ps
e non-monotonic w.r.t. the truth ordering <;

@ Aggregation operators: from knowledge ordering

o Eo(01), Eo(0z) < Eo(O111/02) < Eo(Or)+Eo(Oy)+ 25l 1 120
e In case of no conflict
Eo(Oy M1 02) < Eo(O1) + Eo(O»)

Eo(Oy U Oz) < min(Ep(Oy), Eo(0s))
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Uncertainty in a Single Orthopair

[e]e] J

Eo and Aggregation Operations

@ Order relations

e anti-tonic w.r.t. the orders <; (Knowledge Ordering), <y and <p
e isotonic w.r.t. the orders <pg, <ps
e non-monotonic w.r.t. the truth ordering <;

@ Aggregation operators: from knowledge ordering

o Eo(01). Eo(02) < Eo(017102) < Eo(O1)+Eo(O2)+Figel -
e In case of no conflict
Eo(Oy M1 02) < Eo(O1) + Eo(O»)

Eo(Oy U Oz) < min(Ep(Oy), Eo(0s))

@ Aggregation operators: weak/strong Kleene, Sobocinski

Eo(O1 + 02) < Eo(O1) + Eo(Os)
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Uncertainty in a Collection of Orthopairs

Outline

© Uncertainty in a Collection of Orthopairs
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Uncertainty in a Collection of Orthopairs

General Approach

@ A collection of orthopairs O, a probability distribution Py
e A global uncertainty

E(0)= ) P(O)Eo(O))
;0O
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Uncertainty in a Collection of Orthopairs

General Approach

@ A collection of orthopairs O, a probability distribution Py
e A global uncertainty

E(0)= ) P(O)Eo(O))
;0O

e If we assume equiprobability and Ep the counting measure
E(0) = o 1y [Bnaf
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Uncertainty in a Collection of Orthopairs

General Approach

@ A collection of orthopairs O, a probability distribution Py
e A global uncertainty

= Y P(O)Eo(O)

O,e0

e If we assume equiprobability and Ep the counting measure
E(0) = 4 X1y |Bndi|
e Other possibilities (in the paper)
o Consider an orthopair as a rough set — entropy in rough set case
e Consider O as representing a possibility distribution
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Uncertainty in a Collection of Orthopairs

Measuring conflict

Aim: measure how much the orthopairs overlap
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Uncertainty in a Collection of Orthopairs

Measuring conflict

Aim: measure how much the orthopairs overlap

e Two orthopairs: C(Oy, 0s) = %
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Uncertainty in a Collection of Orthopairs

Measuring conflict

Aim: measure how much the orthopairs overlap

e Two orthopairs: C(Oy, 0s) = %

e More than two
@ A straightforward solution

_ xeXs.t.3(0;,0)x € PN N;or x € PN Nl
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Uncertainty in a Collection of Orthopairs

Measuring conflict

Aim: measure how much the orthopairs overlap
e Two orthopairs: C(Oy, Oy) = %

e More than two
@ A straightforward solution

_ xeXs.t.3(0;,0)x € PN N;or x € PN Nl

C1(0) %
@ A more precise solution: C>(0) = W
C(O, x) = |01, 0)) s.t. x € Pin Njor x € PN Nl

(n/2)?
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Uncertainty in a Collection of Orthopairs

Example

e First collection O
01 = ({1}7(2))’ 02 = ({1’3}a {2})1 03 = ({172}’ {4})1
Os = ({2}, {1})
e Second collection O»
Oq = ({1}7 {24})’ Oé = ({1’3}7 {2})’ Ofls = ({2}7 {174})s
O, =({2}{1})

Campagner,Ciucci (UNIMIB) ] Ecsqaru 2017 22/23



Uncertainty in a Collection of Orthopairs

Example

e First collection O
01 = ({1}7(2))’ 02 = ({1’3}’ {2})1 O3 = ({172}’ {4})1
Os = ({2}, {1})

e Second collection O»
Oq = ({1}7 {24})’ Oé = ({1’3}7 {2})’ Ofls = ({2}7 {174})s
O, = ({2}, {1})

e Intuition: C(O4) < C(0»)

e However:
Ci1(01) = C1(02) =
15 = C2(01) < GO )

rx)\
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Uncertainty in a Collection of Orthopairs

Conclusion

e Preliminary study on how to define uncertainty measures on
orthopairs

o Single Orthopair: counting measure Ep
o Collection of Orthopairs: entropy measure
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Uncertainty in a Collection of Orthopairs

Conclusion

e Preliminary study on how to define uncertainty measures on
orthopairs
o Single Orthopair: counting measure Ep
o Collection of Orthopairs: entropy measure
e Future works
o Better analyze the conflict case (and possibility for reconciliation)
o Consider to measure the balance between positive and negative
o Define a partition of orthopairs, define mutual information and use it
in (rough) clustering
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